Superradiance, the enhanced collective emission of energy from a coherent ensemble of quantum systems, has been typically studied in atomic ensembles. In this work we study theoretically the enhanced emission of energy from coherent ensembles of harmonic oscillators. We show that it should be possible to observe harmonic oscillator superradiance for the first time in waveguide arrays in integrated photonics. Furthermore, we describe how pairwise correlations within the ensemble can be measured with this architecture. These pairwise correlations are an integral part of the phenomenon of superradiance and have never been observed in experiments to date.
I. INTRODUCTION
Integrated photonics is a rapidly emerging experimental platform for the observation of novel quantum effects. With the advent of the direct write technique [1, 2] and the growing number of integrated 'on-chip' optical components [3] [4] [5] it is now possible to build complex 2D and 3D waveguide structures to engineer a variety of multimode interactions. Recent experiments in integrated photonic devices have exhibited correlations in continuous time quantum walks [6, 7] , a classical analogue of displaced Fock states [8] and an on chip correlated photonpair source [9] , to name but a few. However, despite the ability of the direct write technique to laser write waveguides in quite arbitrary 3D geometries, there has been little experimental work on intrinsically 3D waveguide arrays.
In this paper we show that it should be possible to observe novel quantum collective effects in a 3D integrated photonic device. In particular we theoretically show that an integrated photonic implementation could provide the first experimental observation of the phenomenon of harmonic oscillator superradiance. Atomic superradiance has been theoretically and experimentaly studied since 1954 when Dicke [10] showed that by confining an ensemble of two level atoms to a region that is small compared to the wavelength, particular states of the ensemble could radiate with an intensity proportional to the square of the number of atoms. This is in contrast to normal radiance where the intensity of a sparse ensemble of two level atoms is proportional to the number of atoms. This superradiance occurs due to the fact that a dense ensemble of two level atoms interacts with a common reservoir, rather than an ensemble of individual reservoirs. The reservoir can no longer distinguish which atom decayed and quantum interference between the many different decay pathways can occur. This interference can enhance or reduce the emission intensity from the ensemble leading to superradiance and subradiance respectively.
Following the work of Dicke, it was theoretically shown that superradiance can occur in a variety of systems including multilevel atoms and harmonic oscillators when the ensemble decays into a common reservoir [11, 12] . There have also been many experimental and theoretical works studying various aspects of superradiant phenomena including correlations, pulse propagation within the ensemble, collisional dephasing of the gas molecules and polarization effects [12, 13] . Of particular note is the two-time correlations within the ensemble in superradiance which have been studied extensively theoretically [11, [14] [15] [16] [17] , however have not been experimentally measured due to the difficulty in isolating two atoms in a strongly confined ensemble.
Furthermore, despite over thirty years of superradiance experiments, harmonic oscillator superradiance has never been experimentally observed. This is due to the difficulty of engineering a common reservoir interaction for an ensemble of harmonic oscillators. As a result, there has been very little theoretical work on harmonic oscillator superradiance since the 1970's, when many properties of harmonic oscillator superradiance were calculated [11, 18, 19] . Of particular relevance to this work are the general solutions for the superradiant intensity and twotime correlations derived by Agarwal [11, 19] . As these general expressions are complex, we find simpler solutions for specific states that are experimentally relevant to our integrated photonics implementation.
In this paper we show that waveguide arrays of opti-
Waveguide geometry for the observation of superradiance. Light injected into the system waveguides,âj, will irreversibly decay into a semi-infinite array of bath waveguides,b k .
cal modes (harmonic oscillators) each guided within its own 3D waveguide in integrated photonics can be used to engineer a common reservoir interaction for an ensemble of waveguides. We demonstrate that harmonic oscillator (photonic) superradiance should be readily observed for the first time using existing integrated 3D waveguide technology. Furthermore, we find accurate analytic approximations for experimental observables that one can use to probe the photonic superradiance. We also propose a feasible experiment for measuring pairwise correlations within the waveguide ensemble. This proposal is significant as pairwise correlations have never before been measured in any superradiance experiment. This paper is structured as follows. In section II we describe our integrated photonics proposal, whereby an ensemble of optical modes collectively decay into a common bath. The latter is simulated by a semi-infinite waveguide array. Furthermore we show how this implementation is well approximated by a photonic harmonic oscillator version of the superradiance master equation. In section III we theoretically calculate the intensity of light coupling into the bath waveguide array and two-time correlation functions between two waveguides in the ensemble. We also suggest an experimental method in the integrated photonics architecture to measure the intensity and correlations of the photonic harmonic oscillator superradiance. These results are compared to a coupled mode theory simulation of the entire waveguide system in section IV. We conclude in section V.
II. AN INTEGRATED PHOTONICS IMPLEMENTATION OF THE SUPERRADIANCE MASTER EQUATION
In this section we introduce the master equation for photonic harmonic oscillator superradiance. We then describe a 3D waveguide array in integrated photonics and show under certain conditions that the photonic modes propagating in the waveguide array can be described by the superradiance master equation. The superradiance master equation for oscillators describes the interaction of an ensemble of N resonant, isolated oscillators with a common zero temperature heat bath. In the frame rotating at ω the superradiance master equation is [11] ,
where, ω is the frequency of each oscillator and γ i,j is the rate of decay of the i-th and j-th oscillators to the common bath. The dynamics of the superradiance master equation (1) are significantly different from those of normal radiance where the oscillators have individual baths (γ i =j = 0) and decay independently of one another. Depending on the initial state the additional, i = j, terms in (1) can enhance or reduce the decay of the ensemble, leading to superradiance or subradiance, respectively. Therefore the emission intensity of the ensemble into the bath can be varied simply by changing the symmetry of the initial state of the ensemble. This is in contrast to normal radiance, where the intensity can only be varied by increasing or reducing the amount of energy in the ensemble. We now describe how the superradiance master equation can be engineered in an integrated photonics implementation. In particular we show how a common reservoir can be engineered for an ensemble of waveguides by coupling the ensemble to a semi-infinite array of bath waveguides. This extends recent work on reservoir engineering [20] [21] [22] , which considered only a single system waveguide coupled to a semi-infinite bath waveguide array. Our proposal provides an example of how global reservoirs can be engineered for an ensemble of quantum systems, rather than the typical case engineering a reservoir for a single quantum system [23] .
We consider an ensemble of N system waveguides coupled to a semi-infinite linear array of bath waveguides as depicted in Figure 1 . We go beyond the tight binding limit commonly used in waveguide arrays [20, 24] and write the full quantum Hamiltonian of the system in the interaction picture as,
where, the annihilation operators for the system and bath waveguides are,â j andb k , respectively, the j-th system waveguide couples to the first bath mode at the rate g j , the bath waveguides couple to their nearest neighbours at the rate ∆ and the i-th and j-th system waveguides couple at the rate Ω i,j = Ω j,i , which we will see later can be ignored under certain assumptions. Furthermore, the coupling of the j-th system waveguides to all bath waveguides, other than the first, is described by the collective operator,
is the rate of coupling between the j-th system waveguide and the k-th bath waveguide. In order to engineer the superradiance master equation, we make several assumptions. The validity of these assumptions will be assessed through numerical simulations in section IV. First we assume that the system waveguides do not interact with one another, Ω i,j ≈ 0, as these interactions unnecessarily complicate the dynamics. This can be achieved by maximizing the distance between the system waveguides, although this is difficult to do with a large number of waveguides. We next assume that the system waveguides only couple to the first bath waveguide, J (j) k ≈ 0. This assumption greatly simplifies the calculation of the spectral density of the reservoir [22] . After making these two assumptions (2) becomes,
where, we have introduced the collective system operator,Ĉ N = N g jâj /G N , and the effective system-bath
We next assume that the system is only weakly coupled to the bath. This is achieved by restricting that the bathbath coupling rate ∆ is much larger than the collective coupling of the system to the first bath mode, ∆ G N . This assumption requires that the distance between the system waveguides and the first bath waveguide is large compared to the distance between each bath waveguide. By further assuming that the system and the bath are initially in a product state, ρ(0) = ρ sys (0) ⊗ ρ bath (0), starting from Hamiltonian (3), we can trace over the bath degrees of freedom to obtain the effective master equation of the system using standard techniques [17, 22] . As the coupling between the system and the bath waveguides is weak we can make the Born-Markov approximations [21] to arrive at the following Markovian effective master equation for the system waveguides,
where, we have modelled the bath at zero temperature with, ρ bath (0) = (|0 0|) ⊗N , and introduced the effective single oscillator decay rate, Γ = 2G 2 N /N ∆. This decay rate is a useful time scale for the system because for a system of oscillators with identical coupling rates, g j = g ∀j, the effective single oscillator decay rate, Γ = 2N g 2 /N ∆, is the same as the decay rate of a single oscillator, 2g
2 /∆. In Appendix A we discuss the effect of preparing the bath waveguides in a thermal state.
The effective master equation (4) describes the interaction of an oscillator ensemble with a common zero temperature heat bath. It coincides with the superradiance master equation (1) under the the replacement, 2g i g j /∆ → γ i,j . We see that subject to certain assumptions the superradiance master equation can be engineered in integrated photonics system as shown in Figure 1 . The three primary assumptions under which this is valid are 1) the system-system waveguide interaction is negligible (Ω i,j ≈ 0) 2) the system waveguides only couple to the first bath waveguide (J (j) k ≈ 0) and 3) the coupling of the system waveguides to the bath waveguide is weak (∆ G N ).
III. ANALYTIC RESULTS
In this section we calculate several experimentally observable quantities from the effective master equation (4) . These observables clearly demonstrate the effect that the common bath has on the dynamics of the oscillator ensemble. The analytic results derived in this section will be compared to the numerical solution of the Hamiltonian (2) in section IV.
We begin by noting that the effective master equation (4) describes the decay of the collective mode, defined by the operatorĈ N , to the bath. Therefore it is useful to define three collective operators,M =
Physically, M is the total number of quanta in the system waveguides and R is the population of the collective mode, which will decay to the bath. Experimentally M can be measured by photodetectors placed at the end of the system waveguides. From the effective master equation (4) it can be shown that the total quanta in the system evolves as,
where, we see that L is the number of quanta that remain in the system waveguides after decay and that the population of the collective mode decays into the bath waveguides at the rate N Γ. Due to this property we will refer to L as the number of dark quanta in the system waveguides and R as the number of bright quanta in the system waveguides. Initial states with no bright quanta, R (0) = 0, will not evolve under the action of the effective master equation and therefore the light will be completely trapped in the system waveguides and will not leak into the bath waveguide array. We next consider the the defining characteristic of superradiance, the intensity of emission into the bath. The intensity into the bath waveguides can be found from the rate of change of quanta in the system waveguides,
Therefore, the intensity of emission from any state is reduced to the problem of calculating R (0) . Experimentally, the intensity can be found from the time series of the total system quanta M (t) . To see the intensity enhancement (reduction) due to superradiance (subradiance), we separate the intensity (6) into two parts, I(t) = I U (t) + I C (t), where the un-correlated and correlated parts are defined, respectively,
Normal incoherent, uncorrelated emission from an ensemble of independent oscillators with independent baths have, â † i (0)â j (0) = 0 for all i = j [11] . On the other hand, coherent correlated emission results from the correlations within an ensemble of harmonic oscillators as they interact with a common bath, i.e. â † i (0)â j (0) = 0 for some i = j. Therefore we associate normal radiance with the uncorrelated part, I
U (t), and superradiance or subradiance with the correlated part, I
C (t). Using this property we can classify initial states with a superradiance criterion: superradiance occurs for I C (t) > 0, normal radiance occurs when I C (t) = 0, and subradiance occurs when I C (t) < 0. Furthermore for an initial state with total quanta M (0) the maximum radiance occurs when R (0) = M (0) (superradiance) and there is no emission when R (0) = 0 (subradiance).
Using the superradiance criterion it is straightforward to identify three special classes of states which are superradiant, normal and subradiant, respectively. The first class we consider is the superradiant (bright) class which is defined as the Fock states of the collective mode, |Φ
here the label B denotes the states as bright states. These states have no dark quanta and therefore all energy in the ensemble will decay to the bath, leaving the system in the multimode vacuum state. The second class is the product of Fock single mode states, |n 1 , n 2 , . . . , n N , which has normal radiance as the modes are uncorrelated, â † i (0)â j (0) = 0 ∀i = j. The final class of states we consider are subradiant states. These states can be generated by the action of any collective operator which commutes with the collective mode, [Â,Ĉ † N ] = 0. For example a subradiant (dark) class of states can be defined as, |Φ
and the label D denotes that the states are dark. As these states have no bright quanta, they do not evolve under the action of the effective master equation.
Pairwise correlations are another important observable for superradiance as these correlations are the cause of the enhanced emission intensity in superradiance. However, previous superradiance experiments on atomic ensembles have been unable to measure pairwise correlations due to the large degree of confinement of the ensemble which is necessary to engineer a common reservoir. Instead experiments probing these inter-system correlations have been restricted to observables that are averages over the entire ensemble [25] . However, as we describe below, it is possible to measure pairwise correlations in our proposed integrated photonics architecture. Two-time correlation functions between two modes can be found using the the quantum regression theorem,
We see that the correlations between the i-th and j-th waveguide build up at the rate N Γ 2 due to their interaction with the common reservoir. This is in contrast to normal radiance, where the oscillators decay independently into individual reservoirs and therefore cannot build up correlations.
The three classes of states introduced above have very different two-time correlation functions. For the superradiant states, |Φ R B , the correlation between the oscillators exponentially decays over time due to the interaction with the common bath,
as the highly correlated initial state decays into the multimode vacuum |0 ⊗N under the action of the effective master equation (4) . For the Fock states |n 1 , n 2 , . . . , n N the modes are initially uncorrelated and build up negative correlations over time,
The finite correlation at long times occurs as the effective master equation (4) 
(12) As these two-time correlation functions have not previously been measured, we now detail a method for measuring, c i,j (t, 0) for a given initial state in the integrated photonics architecture. First, homodyne measurement can be used to perform ensemble of n measurements of the j-th field amplitude before that field state enters the j-th system waveguide. We denote this ensemble of measurements as,
the outcome of the k-th measurement and n is large. Similarly, homodyne measurement at the end of waveguide i can be used to find the ensemble of n measurements of the i-th field amplitude,
where t corresponds to the time taken to propagate the length of the waveguide. It is clear that b j (0) is the mean of the first ensemble and b † i (t) is the mean of the second ensemble. Using these two ensembles it is also possible to find,
Therefore it is possible to measure the two-time correlation function (9) using homodyne measurement. The time interval t can be varied by changing the length of the waveguides or tapping the light at different lengths.
IV. NUMERICAL RESULTS
In this section we numerically solve the evolution of several initial states in a three waveguide realization of the integrated photonics system discussed in section II. These results are compared to the analytical results based on the effective master equation that were derived in section III. Returning to Figure 1 we note that there is considerable freedom to chose the physical position of the three system modes. The particular geometry we study, shown in Figure 2 , has been chosen to minimize both the system-system waveguide interaction and the coupling of system waveguides to bath waveguides other than the first bath waveguide. The coupling rates between all waveguides were calculated for the He 11 mode under the step index approximation using material parameters consistent with current direct write experiments [2, 26] . Under these assumptions the calculated system to first bath waveguide coupling rates normalized by the bath-bath coupling rate, ∆, were found to be (g 1 , g 2 , g 3 )/∆ = (0.123126, 0.107251, 0.123126). The largest coupling rates for the unwanted interactions arise from the system-system coupling rates (Ω 1,2 , Ω , where due to symmetry j = 1, 3. Furthermore, as the system waveguideâ 2 is in the same plane as the bath waveguides, we assume J
k , are consistent with the assumptions used in section II. Finally, we note that the number of bath waveguides used in the simulation was 150, which was determined by increasing the number of bath waveguides until there was no longer any finite bath effect on the dynamics of the system waveguides.
We now consider three particular initial states that could be prepared in an experiment to observe several aspects of superradiant phenomena, which we denote as bright, normal and dark, respectively. Using (6) we find the intensity for each state is,
, where the state dependent factors are
As expected, the superradiant state has a larger intensity than the normal state and the subradiant state does not decay, I D (t) = 0. Furthermore, the two-time correlation functions for these states (14) can be found from (10)- (12) with, R = 2 and n j = 2δ 1,j . We discuss how these states can be experimentally prepared in Appendix B.
The evolution of these states under the Hamiltonian (2) was simulated using the coupling rates calculated for the He 11 mode. The simulated intensity into the bath waveguides for the states (14) are compared to the analytic results in Figure 3(a) . Apart from minor oscillations at small times, the analytic and numerical results match very well. The oscillations are well known in these waveguide-bath systems [20] and are a result of minor violations of the weak coupling assumption, ∆ G N . The oscillations can be minimized by increasing the distance between the system and bath waveguides, however, this requires longer waveguides to observe the decay. As the length of waveguides are limited to the chip size in integrated photonics, these oscillations will always be present in some form.
The two-time correlation functions were calculated numerically from the Heisenberg equations of motion,
using the quantum regression theorem [27] , whereÔ =â j orÔ =b k andĤ is defined in (2) . These are compared to the analytic correlation functions (10)- (12) in Figure  3 (b). The numeric and analytic correlation functions for the bright and dark states match quite well, however, the normal state has a much lower correlation than predicted. The clear difference in two-time correlations between all three states is apparent: the superradiant correlations decay exponentially, the normal correlations are initially zero and decrease exponentially due to coupling to the common reservoir and the subradiant correlations do not change over time. The discrepancy between the theory and simulation for the normal state is due to two interactions: the interaction of system waveguides with other system waveguides and the interaction of system waveguides with bath waveguides other than the first bath waveguide. Changing the position of the first and third system waveguides can reduce one of these interactions, however, this is at the expense of increasing the other interaction. However, as the primary aim of this paper is to show that superradiance and subradiance can be experimentally demonstrated, the discrepancy in the normal state is of little consequence. Finally, we note that the numerical correlation for the superradiant state becomes slightly negative rather than tending to zero as the analytic correlation does. This is because the unwanted interactions cause the superradiant state to decay into a subradiant state rather than the multimode vacuum. Future work will incorporate these additional effects into the theoretical analysis of the ensemble.
V. CONCLUSION
In summary, we have studied harmonic oscillator superradiance in an integrated photonics system. We have shown that in this architecture harmonic oscillator superradiance and subradiance should be observable for the first time. We also developed analytic approximations for several experimental observables of the waveguide ensemble during decay. Furthermore, we demonstrated that pairwise two-time correlations can measured in this architecture. This work should be useful in future studies of collective effects and reservoir engineering in waveguide arrays.
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Appendix A: Collective Thermal Bath
In deriving the effective master equation (4), we assumed that the bath modes were initially at zero temperature, ρ bath (0) = (|0 0|)
⊗N . In this section we consider preparing the bath waveguides in the initial thermal equilibrium state, ρ bath (0) =
where Z is the partition function. Using the procedure outlined in section II it is possible to derive the effective master equation for this initial bath state,
We see that the effective master equation describes the interaction of an ensemble of oscillators with a common thermal bath. The number of quanta in the system waveguides evolves under (A1) as, M (t) = L (0) +n + ( R (0) −n)e −N Γt . (A2)
In contrast to then = 0 case (5), we see that there is now input of thermal quanta from the bath waveguides into the system waveguides. Furthermore, we can find the intensity from the rate of change of quanta from the collective mode into the bath,
I(t) = N Γ R (t)
= N Γ( R (0) −n)e −N Γt + N Γn.
The primary difference from then = 0 case (6) is that there is now a steady state intensity from the system waveguides into the bath waveguides, I ss = N Γn. Similar to section III we can expand the intensity (A3) into uncorrelated and correlated parts. As the correlated part is identical to (8) , the superradiance criterion defined in section III is applicable to this case.
Appendix B: Initial State Preparation
In this appendix we briefly describe how to prepare the superradiant and subradiant classes of initial states. Each class can be prepared by injecting a product state on a series of beam splitters. The two mode beam splitters we consider in this section perform the following transformation on the input modes [28] ,
We first describe how to prepare the three mode subradiant class of states, |Φ R D = (Â † ) R |0, 0, 0 / √ R!, where, A = (g 3â1 − g 1â3 )/ g 2 1 + g 2 3 . These states can be prepared by injecting the product state, |R, 0, 0 , onto a beam splitter acting on the first and third modes. The required transformation is achieved by the beam splitter defined by B 3,1 (θ D ), with θ D = sin −1 (g 1 / g 2 1 + g 2 3 ).
We now describe how to use two beam splitters to prepare the three mode superradiant class of states, |Φ R B = (Ĉ †
)
R |0 ⊗N / √ R!, where we recallĈ 3 = (g 1â1 + g 2â2 + g 3â3 )/G 3 . If we inject the state, |R, 0, 0 , onto a beam splitter acting on the first and second modes, B 1,2 (θ B ), we place these two modes in a superposition with the third in the vacuum state. We next use a beam splitter on the second and third modes, B 2,3 (ϕ B ). The superradiant class of states can then be prepared by choosing, θ B = cos −1 (g 1 /G 3 ) and ϕ B = sin −1 (g 3 / g 2 2 + g 2 3 ).
We finally note that N mode classes of superradiant and subradiant states can be prepared in a similar way with additional beam splitters. In particular, the N mode superradiant states (Ĉ † N ) R |0 ⊗N / √ R! can be prepared by injecting the state, |R |0 ⊗(N −1) , onto N − 1, beam splitters.
